In this paper we show that the equivalences between certain properties of closed subanalytic sets proved by E. Bierstone and P. Milman in [5] hold for closed sets definable in quasianalytic o-minimal structures. In particular we prove that uniform Chevalley estimate implies a stratification by the diagram of initial exponents and further, Zariski semicontinuity of the diagram of initial exponents. We also show that the stratification by the diagram implies Zariski semicontinuity of Hilbert-Samuel function.
Introduction
This paper is concerned with a quasi-analytic structure R, i.e. the expansion of the real field R by restricted Q-analytic functions. The sets definable (with parameters) in the structure R are precisely those subsets of R n that are globally sub-quasianalytic, i.e. sub-quasianalytic in a semialgebraic compactification of R n (sub-quasianalytic including infinity). Trough the paper by the definable set we mean a set definable in some fixed quasianalytic structure.
We shall investigate certain natural, metric, algebro-geometric and differential properties of closed sets definable in the structure R, including composite function property, uniform Chevalley estimate, Zariski semicontinuity of the diagram of initial exponents, semicontinuity of the Hilbert-Samuel function, semicohernce and stratification by the diagram of initial exponents. Our research is inspired by the famous paper [5] by E. Bierstone and P. Milman, where the equivalence of these properties is established in the classical case of subanalytic sets. In this manner, each of those properties characterizes the class of subanalytic sets that are tame from the point of view of local analytic geometry.
We shall recall precise definitions. Fix a quasi-analytic system Q = (Q n ) n∈N of sheaves of local R-algebras of smooth functions on R n . For each open subset U ⊂ R n , Q(U ) = Q n (U ) is thus a subalgebra of the algebra C ∞ (U ) of real smooth functions on U . By a Q-analytic function (or Q-function for short), we mean any function f ∈ Q(U ). Similarly f = (f 1 , . . . , f k ) : U → R k is called
It is clear that (ϕ * C ∞ (R n )) := (ϕ * C ∞ (R n )) ∩ C ∞ (M ; ϕ −1 (Z)) is closed in C ∞ (M ; ϕ −1 (Z)).
Definition 1.2. Let Z ⊂ X be the closed definable subsets of R n . We say that (X, Z) has the composite function property if, for any proper Q-analytic mapping ϕ : M → R n such that ϕ(M ) = X ϕ * C ∞ (R n ; Z) = (ϕ * C ∞ (R n ; Z)) .
Chevalley estimate. Let X ⊂ R n be a closed definable set. By the uniformization theorem (see Theorem 2.2) there exists a proper Q-analytic mapping ϕ : M → R n such that ϕ(M ) = X. We have the following Let α = (α 1 , . . . , α n ) ∈ N n . Then the length of α is a sum of its coordinates: |α| = n i=1 α i . We consider an ordering on N n defined as follows: let α, β ∈ N n and α = (α 1 , . . . , α n ), β = (β 1 , . . . , β n ). Then α > β if and only if (|α|, α 1 , . . . , α n ) > (|β|, β 1 , . . . , β n ) in the lexicographic order. Let F (y) = β∈N n F β (y − b)
β . By the support of F we mean the set supp F := {β ∈ N n : F β = 0}.
We denote by exp F the minimum of supp F in the above ordering. Zariski semicontinuity. Let Z ⊂ X be closed definable sets in R n . Let Γ be a prtially-ordered set. Definition 1.6. We say that a function κ : X \ Z → Γ is Zariski semicontinuous relatively to Z, if the following two conditions hold:
(1) for every compact K ⊂ X, the set κ((X \ Z) ∩ K) is finite (2) for all γ ∈ Γ, Z γ := Z ∪ {b ∈ X \ Z : κ(b) ≥ γ} is closed definable set.
Formal semicohernce. Let Z ⊂ X be closed definable sets in R n . We provide a definition of formal semicoherence in the similar way as [5] , Definition 1.2. Definition 1.7. We say that X is formally semicoherent relatively to Z, if there is a definable, locally finite stratification X = X i such that Z is a sum of strata and, for each stratum X i disjoint with Z, there is satisfied the following condition:
for each x ∈ X i , there is an open neighborhood U and finitely many formal power series
such that f ij,α are Q-analytic functions on X i ∩ U , which are definable and, for each b ∈ X i ∩ U , F b (X) is generated by the formal power series
Definition 1.8. We say that X has a stratification by the diagram of initial exponents relatively to Z, if there is a locally finite definable stratification of X such that Z is a sum of strata and the diagram of initial exponents is constant on each stratum outside Z.
Our purpose is to investigate relations between the above properties established in Definitions 1.1-1.8. We shall prove the following quasianalytic version of Theorem 1.13 from [5] : Theorem 1.1. Let X ⊃ Z be closed definable subsets of R n . Then the following properties are equivalent:
(1) (X, Z) has a composite function property.
(2) X has a uniform Chevalley estimate, i.e. for every compact K ⊂ X there is a function
(3) there is a definable stratification of X such that Z is a sum of strata and the diagram of initial exponents is constant on each stratum disjoint with Z.
(4) The diagram of initial exponents is Zariski semicontinuous, i.e. the function b → N b is Zariski semicontinuous, where
is Zariski semicontinuous relatively to Z.
(6) X is formally semicoherent relatively to Z.
In this paper we present the proofs of the implications (2) ⇒ (3), (2) ⇒ (4) and (3) ⇒ (5), for which it is necessary to modify the proofs by E. Bierstone and P. Milman. In comparison to the proofs from [5] , property (4) cannot be directly drawn form property (2) . To establish the semicontinuity of the diagram of initial exponents, Birstone and Milman proved simultaneosly that certain sets Z N (see Definition 4.2) are subanalytic and closed, if the uniform Chevalley estimate holds ( [5] , Proposition 8.6). Their proof cannot be directly applied in the quasianalytic settings, since it relies on the fact that the ring of formal power series is faithfully flat over the ring of analytic function germs. This is unknown in the quasianalytic settings. In Sections 2 and 3 we recall some necessary tools, like uniformization theorem, results on stratifications and trivialization of definable map or formalism of jets. We also recall Hironaka's division algorithm and construction of generic diagram of initial exponents. In Section 4 we rearrange the reasoning from [5] in order to prove that uniform Chevalley estimate imply the stratification by the diagram of initial exponents. We use this result in Section 5 to prove that uniform Chevalley estimate imply semicontinuity of the diagram of initial exponents. We rely our proof on reduction to the definable arcs and fact that the ring Q 1 of quasianalytic function of one variable is noetherian.
The idea of reduction to the arcs is also used in Section 6 to prove that the stratification by the diagram implies semicontinuity of Hilbert-Samuel function.
The proofs of the rest of implications can be obtained in the same way as in [5] and so they are not presented here.
Necessary Tools
In this section we provide some necessary tools. First of all we present the concept of covering a compact quasi-analytic set by the special cubes due to K.J. Nowak ([21] ). We use it to prove uniformization theorem in general definable case. Moreover, a covering of compact quasi-analytic set enables us to prove Lemma 1, which is fundamental for further investigations and cannot be proved in the same way as in analytic settings.
Next we recall the formalism of jets (see [5] , Chapter 4) and show some useful facts about Chevalley estimate. In particular we recall Chevalley lemma and its consequences. Later on, we present stratification and trivialization theorems for the quasianalytic settings, which are adaptations of the concepts due to Lojasiewicz presented in [15] . We end this chapter with lemma about linear equations over the noetherian local rings.
Special cubes and uniformization. Let M be a Q-manifold. Let C ⊂ M . d into M such that the restriction of ψ to (−1, 1)
d is a diffeomorphism onto C.
We have the following Theorem 2.1.( [21] ) A relatively compact quasi-analytic subset S ⊂ M is a finite sum of special cubes.
As an immediate corollary, we obtain the following uniformization theorem Theorem 2.2. Let F ⊂ R n be a compact definable set. Then there exist a Q-manifold M and a Q-analytic proper mapping ϕ :
Corollary 2.1. Let X ⊂ R n be a closed definable set. Then there exists a proper Q-analytic mapping ϕ : M → R such that X = ϕ(M ).
As a consequence of Theorem 2.2 we get the following corollary( which is a general uniformization theorem) By the uniformization theorem, closed definable sets are precisely those, which are the images of Q-analytic manifolds by a proper Q-analytic map.
Let ϕ : M −→ R n be a proper Q-analytic mappping. Let ϕ(a) = b We write ϕ * a and ϕ * a respectively for the following ring homomorphisms:
where ϕ a is a Taylor power series of mappin ϕ.
We make use of Theorem 2.1 also in order to prove the following fundamental Lemma 2.1. Let X be a closed, definable set in R n and ϕ : M → R n be a proper Q-analytic mapping such that ϕ(M ) = X. Let b ∈ X and G ∈ Q b . Put
Then S is an open and closed subset of ϕ −1 (b).
Proof. We rearrange the proof given by M.Birstone and P.Milman for the classical analytic case. Since we do not know whether Q b is faithfully flat over Q b , we have to use different argument for Q-analytic settings. We can assume that M is an open neighborhood U of 0 in R n , ϕ(0) = 0 and b = 0, ϕ(x) = (ϕ 1 (x), . . . , ϕ n (x)). Then
Note that each H α is a finite linear combination of derivatives of ϕ i (x), i = 1, . . . , n, thus is a Q-analytic function in some common neighborhood of 0. If a ∈ ϕ −1 (0), thenφ * a (G) = 0 if and only if H α (a) = 0 for all α. Thus S is a closed subset as an intersection of
where (ϕ(x)) is the ideal generated by ϕ i (x), i = 1, . . . , n. Suppose that a = 0 ∈ S, which meansφ *
Therefore each H α is of the form
Since ϕ is a proper Q-analytic map then ϕ −1 (0) is a compact subset of M . By Theorem 2.1, we can represent ϕ −1 (0) as a finite sum of special cubes:
where, for each i, S i is a special cube,
can be covered by intervals, therefore we can cover ϕ −1 (0) by Q-analytic arcs, via mapping ψ i .
Let U be the neighborhood of 0 in R m . We consider quasianalytic arcs which cover ϕ
Since γ ⊂ ϕ −1 (0), ϕ i (γ(t)) = 0, and thus H α vanishes along γ. Therefore H α vanishes in ϕ −1 (0) ∩ U for all α ∈ N m , and thus S is an open set in ϕ −1 (0). Lemma 2.1 is essential for the study of the behavior of the ideal of formal power series vanishing on the germ of closed definable set X. In particular this ideal is a finite intersection of kernels of appropriate homomorphisms. It is included in the corollary below Corollary 2.2. Let X be a closed definable subset of R n . Let ϕ : M → R n be a proper Q-analytic mapping such that ϕ(M ) = X. Let b ∈ X and let s be the number of connected components of ϕ −1 (b). Then
where each a i is in a distinct connected component of ϕ −1 (b).
Formalism of jets.
We recall the formalism of jets in the quasianalytic settings. This construction is similar to the formalism of jets provided in [5] .
Let N be a Q-analytic manifold. Let b ∈ N , l ∈ N. We write
Let N = R n and y = (y 1 , . . . , y n ) be the coordinates in R n . We can identify 
and let
n , where ϕ = (ϕ 1 , . . . , ϕ n ) and β = (β 1 , . . . , β n ).
By the chain rule, a homomorphism ϕ *
We can identify J l ϕ(a) with a matrix, which coefficients are the entries of the Taylor series of D α ϕ β /β! at a, for |α| ≤ l and |β| ≤ l. Let M be a Q-analytic manifold, ϕ : M → R n a Q-analytic map, and 
In Chapter 4 we shall need the following homomorphism
It is the homomorphism with s components:
. , s, each of which is obtained from the homomorphism
Let L be the germ at a of Q-analytic subspace of M s ϕ . Then we have a homomorphism
By evaluation at a we obtain
Chevalley estimate. We recall some notation from [5] , Chapter 5. Let M be a Q-analytic manifold. Consider M s ϕ , where ϕ : M → R n is a proper Q-analytic mapping and s ∈ N. For a = (a 1 , . . . , a s ) ∈ M s ϕ we define(see [5] , p. 748) an ideal
We have the following
If a is an s-tuple of elements a i such that each a i lies in a distinct connected component of
The lemma below is a quasianalytic version of Lemma 6.5 from [5] .
n be a proper Q-analytic mapping such that ϕ(M ) = X. Then we have:
(
In order to proof Lemma 2.3 it is enough to repeat the proof of Lemma 6.5 from [5] , since following quasianalytic version of Lojasiewicz inequality with parameter from [20] holds: Lemma 2.4.( Lojasiewicz inequality with parameter, [20] 
are continuous. If {f = 0} ⊂ {g = 0}, then there exist an exponent λ > 0 and definable function c :
Stratification and trivialization. Here we recall some trivialization and stratification theorems given by Lojasiewicz ([15] ). Let us notice that this results hold in o-minimal structures with smooth cell decomposition. The original ideas by Hardt ([13] ), which relies on Weierstrass preparation theorem, cannot be adapted to the quasianalytic settings. Finally, we recall several corollaries, which for the classical analytic case were formulated in [5] . Stratification and trivialization results are based on Lojasiewcz theorems on equitriangulations. His ideas rely on good direction and so called f-property of the set (see [15] ).
n be a definable, continuous map with bounded graph. There exists partition T of f (E) into definable leaves, such that for any T ∈ T there is a definable homeomorphism h :
n , such that the following diagram is commutative:
where π is the canonical projection.
Let M and N be Q-analytic manifolds. Let Π : M × N → N . Lemma 2.5. Let E ⊂ M × N be a definable set which is relatively compact in order to N and, for each t ∈ M , E t is finite. Then there exists a locally finite partition Γ of E into definable leaves such that, for any T ∈ Γ, Π(T ) is a definable leaf and Π| T is a Q-analytic isomorphism. ) Let E be a closed definable subset of Q-analytic manifold M . Let ϕ : E → R n be a proper, continuous definable mapping and let X = ϕ(E). Let F and G be finite families of E and X respectively. Then there exist definable stratifications S and T of E and X, such that
(1) For each S∈S, ϕ(S) ∈ T , (2) For each T ∈ T and b ∈ T , there is a definable stratification P of ϕ −1 (b) and a definable homeomorphism h such that te following diagram is commutative:
and for each S ⊂ ϕ −1 (T ), h| S is a Q-analytic isomorphism onto T × P for some P ∈ P, (3) S is compatible with F and T is compatible with G.
Corollary 2.5. If ϕ is stratified as in Corollary 2.4, then, for each stratum T , the number of connected components of the fibre ϕ −1 (b), where b ∈ T , is constant on T .
Corollary 2.5 is an immediate consequence of Corollary 2.4. Let us consider a closed definable set E ⊂ M and a continuous definable map ϕ : E → R n . Then, for s ∈ N, the subset E s ϕ is a closed definable subset of s-fold fibre product M s and we can consider a definable mapping ϕ : E s ϕ → R n . We have the following Corollary 2.6. Let (S, T ) be a stratification of ϕ as in Corollary 2.4. Take T ∈ T and denote as S s T the family of all nonempty sets of the form
ϕ admits a Q-analytic isomorphism h : S → T × P commuting with projection on T , where P is a bounded definable leaf in M s . Let E s ϕ denote a set of those x = (x 1 , . . . , x s ) ∈ E s ϕ such that each x i is in a distinct connected component of ϕ −1 (ϕ(x)). From Corollaries 2.5 and 2.6, we immediately obtain the following Corollary 2.7. Let ϕ : E → R n be a proper definable map defined on a closed definable set E ⊂ M . Then E 
Thus there exists a ∈ (m)
Generic diagram of initial exponents.
In this chapter we recall for the reader's convenience the division algorithm of Grauert-Hironaka and the construction of the generic diagram of initial exponents from [5] , which carries over verbatim to the quasianalytic settings.
Division algorithm in the ring of formal power series. Let R[[y]] be the ring of formal power series, where y = (y 1 , . . . , y n ). We have the following 
The system G 1 , . . . , G s is called a standard basis of I. From Corollary 3.1,
We also recall a corollary which indicates the connection between the diagram of initial exponents and the Hilbert-Samuel function. We have the following It follows that H I (k) coincides with polynomial in k for sufficiently large k.
Lemma from linear algebra. We recall here an useful lemma from [5] , Chapter 2. Let V and W be the modules over a commutative ring R.
Definition 3.1. Let B ∈ Hom R (V, W ) and r ∈ N. We define
where ω ∈ W and η 1 , . . . , η r ∈ V . The generic diagram of initial exponents. In order to introduce generic diagram of initial exponents and generic Hilbert-Samuel function, we formulate the following Lemma 3.2. Let A be a matrix of dimension k × n and B be a matrix of dimension k × m. Consider a block matrix (A, B). Let π be a projection from
Proof. Let x ∈ R n . Then x ∈ π(Ker (A, B)) if and only if, there exists y ∈ R m such that (x, y) ∈ Ker (A, B). Hence Ax + By = 0, and thus Ax = −By. Therefore
Let L ⊂ M q ϕ be a Q-analytic leaf. Let ξ = (ξ β ) |β|≤l . We can write it as ξ = (ξ k , ζ lk ), where ξ k := (ξ β ) |β|≤k and ζ lk := (ξ β ) k<|β|≤l . According to this decomposition we can write J l ϕ(a) as a block matrix
for a ∈ L (see Chapter 1, Formalism of jets). By Lemma 3.2, we have
Summing up, we obtain the following
For sufficiently large l ∈ N there is equality
Proof. The conclusion of Lemma 3.3 is the consequence of the reasoning above and Lemma 3.2.
Remark 3.2. The above lemma will play a crucial role in the Section 6 for the proof that the stratification by the diagram of initial exponents implies the semicontinuity of the Hilbert-Samuel function.
Let L be a definable leaf in M s ϕ -this means that L is a connected definable subset of M s ϕ which is Q-analytic submanifold in M s . We define
Consider a set
By the definition of Θ 
For the proof of Lemma 3.4, see Lemma 5.3 in [5] .
We call H L (k) the generic Hilbert-Samuel function, and we call l(L, k) the generic Chevalley estimate.
Assume that L lies in a coordinate chart for M s . Take a ∈ L. Let k(a) be the least k, for which H a (l) coincides with polynomial in l for l > k. Each vertex of diagram N a = N(R a ) has the order less than or equal to k(a). 
is the standard basis of R a and
for all γ ∈ ∆(a), |γ| ≤ k.
Let k be the largest integer such that H L (l) coincides with a polynomial for l ≥ k, and let l = l(L, k). Thus all the vertices of N a has the order less than or equal to k for a ∈ D k . Therefore the set of diagrams on D k is finite and thus has a minimum. Let a ∈ D k be an element such that N a is the smallest diagram on D k . Let
Since Q is a quasianalytic function, Z Q is a closed quasianalytic subset in L.
Proof. By (2), there exist relations
where
Proof of implication (2) ⇒ (3).
As we mentioned in the Introduction, to establish the semicontinuity of the diagram of initial exponents, E. Birstone and P. Milman proved simultaneously that the sets Z + N (see Definition 4.2 below) are subanalytic and closed, if the uniform Chevalley estimate holds ( [5] , Proposition 8.6). Their proof cannot be directly applied in the quasianalytic settings, since it relies on the fact that the ring of formal power series is faithfully flat over the ring of analytic function germs, which is no longer available in the quasianalytic case. Here we are forced to follow a different, not so direct strategy. In this section, we prove that the sets Z + N are definable if the umniform Chevalley estimate holds (Proposition 4.3), and next the implication (2) ⇒ (3).
We should note that Bierstone-Milman's proof of Proposition 8.6 from paper [5] contains small error. In this chapter, we give an example (Remark 4.2) which shows why their proof is not completely correct and provide a proof of Proposition 4.3 which improves their arguments.
Assume that Z ⊂ X are closed definable sets. Let N ∈ D(n) and α ∈ N n . We repeat the following notation by Bierstone and Milman:
We have the following Lemma 4.1 Let N 1 , N 2 ∈ D(n) and α ∈ N n . The following conditions are equivalent:
Lemma 4.1. is an analogue of Remark 8.5 from [5] .
Now we present two crucial propositions, which we need to show that uniform Chevalley estimate implies stratification by the diagram of initial exponents. We have the following Proposition 4.1. Assume that X has the uniform Chevalley estimate relatively to Z and let Y ⊂ X be a closed definable set such that
The proof of Proposition 4.1 is the same as the first part of the proof of Proposition 8.3 in [5] , where the authors show that the set considered is subanalytic. Since Proposition 4.1 plays important role in further reasoning, we rpeat the proof by Bierstone and Milman for readers convinience.
∈ N b } = ∅, therefore it is enough to consider the case, where α / ∈ N − b (α). We assume that X is compact. Let ϕ : M → R n be a proper quasianalytic mapping such that ϕ(M ) = X (Corollary 2.1). By the assumption and Lemma 2.3, there exists a function
We obtain a direct-sum decomposition
where m >α b ⊂ m b is the ideal generated by monomials (y − b) β for β > α. For
, we write ξ = (η, ζ) in order to the above decomposition. Consider a ∈ ϕ −1 (b) in local coordinate chart (x 1 , ..., x m ) in a neighborhood of a in M . Then we treat J l ϕ : J l (b) → J l (a) as a matrix and we write (A(a), B(a)) for the matrix of J l ϕ| J l (b) N − (α) according to the direct-sum above. We need two lemmas(see [5] ).
β be a polynomial which generates ξ. If ξ = (η, ζ), we have P ξ = P η + P ζ with respect to the direct-sum decomposition. Let a ∈ ϕ −1 (b). Then A(a)η + B(a)ζ = 0 if and only if ϕ *
and thus ν M,a ( ϕ * a (P ξ )) > l for all a ∈ ϕ −1 (b). By Chevalley estimate and Lemma 2.3, ν X,b (P ξ ) > k, therefore
According to the definition of P ξ = P η + P ζ and direct-sum decomposition we see that P ζ ∈ (y−b) >α and thus
Since P η belongs to this intersection, we obtain P η = 0. Therefore η = 0. In order to proof inverse implication suppose tah α ∈ N b . By Theorem 3.1,
It is enough to show that there exists ξ such that, if (A(a), B(a))ξ = 0 for all
and (A(a), B(a))ξ = 0 for all a ∈ ϕ −1 (b) since G ∈ R b . By the definition of ξ = (η, ζ), we have ξ α = 1 and α / ∈ N − (α) ∪ {β : β > α}, therefore η = 0.
Lemma 4.3 Let {C(λ)
: λ ∈ Λ} be a set of matrices from each of which has p columns and ♯Λ ≥ p. Let Ker C(λ) = {ξ = (ξ 1 , . . . , ξ p ) : C(λ)ξ = 0 f or all λ ∈ Λ}. Then there exists J ⊂ Λ such that ♯J = p and Ker C(J) = Ker C(λ).
Proof. If λ ∈ Λ, then C(λ)ξ = 0 if and only if for any row w of C(λ) the scalar product w · ξ = 0. Since the number of linearly independent rows from all C(λ) is less than or equal to p, there exists such J.
To complete the proof of proposition it is enough to show that [5] . In comparison to the original proposition we cannot obtain a closedness of the set considered in the same way as in [5] , since it is unknown if Q b is faithfully flat over Q b . Since there is an error in original proof we repeat with a correction which is explained in Remark 4.2.
Proof. We prove Proposition 4.2 by the induction on α. First assume that α = 0. Then N b (α) = ∅ for b ∈ X, and there are two possible cases. If α / ∈ N then N(α) = ∅, whence Z N (α) = X and Z + N (α) = Z. On the other hand, if α ∈ N then N(α) = N n and therefore Z N (α) = Z + N (α) = X. Now assume that the conclusion is true for all exponents < α. Let β b ∈ N b be the largest element which is less then α for b ∈ X \ Z, and β 1 ∈ N be the largest element less than α in N. Let β := max{max{β b , b ∈ X \ Z}, β 1 }. Consider the following sets
We shall prove that
It is clear that Z 1 ⊂ X 1 . To prove that X 1 ⊂ X 0 it is enough to show that
Since θ ≤ β < α and by Lemma 4.1, N b (α) < N(α). A contradiction, which proves that X 1 ⊂ X 0 .
By the induction, X 0 and Z 0 are definable sets. We prove our thesis for α.
and thus X 1 = X 0 , which is definable.
If
∈ N b } is definable by Proposition 4.1, and thus Z 1 is definable. Theorem 4.1 Let Z ⊂ X be closed definable sets such that X has the uniform Chevalley estimate relatively to Z. Then, for any compact set K ⊂ X,
Proof. We can assume that X is compact definable set. Let Y be a closed definable set such that Z ⊂ Y ⊂ X and ♯{N b : b ∈ (X \ Y )} < ∞. Such a set always exists because we can take as Y whole X. We will prove that there exists closed definable set
n be a proper real analytic mapping such that ϕ(M ) = X and let 0 = s ∈ N. We denote by ϕ s : M s ϕ → R n the induced mapping from the s-fold fibre-product and we write x = (x 1 , . . . , x s ) ∈ M s ϕ . For x we write
For each s we have a diagram of inclusions and projections:
where down arrows represents the projections π(x 1 , . . . ,
. This is a set of those x ∈ L s that ϕ s (x) / ∈ Z and (ϕ s ) −1 (x) has exactly s connected components. By Corollary 2.6,
, where this sum is a finite partition into a smooth, connected and definable sets. Since we assumed that X is compact and by Corollary 2.5, the number of connected components of the fibre ϕ −1 (b), for b ∈ X, is bounded. Let t be the largest number of connected components of the fibre. Therefore
For a ∈ W s,j we have
Since ϕ s is continuous and proper map we Corollary 4.3 Let Z ⊂ X be closed definable sets, such that X has the uniform Chevalley estimate relatively to Z. Then there exists a stratification of X such that the diagram of initial exponents is constat on each stratum and Z is a sum of strata.
Proof. We can assume that X is compact. Then there is a finite number of diagrams N 1 , . . . , N k of initial exponents on X \ Z. Since Z N i and Z
Thus we can write
Since there is a stratification of X compatible with Z and {Y N i } i=1,...,k , and the diagram of initial exponents is constant on each Y Ni we obtain desired stratification.
We proved that the uniform Chevalley estimate implies a stratification by the diagram of initial exponents. We shall prove that reverse implication also holds. We have Theorem 4.2 Suppose that X admits a stratification by the diagram of initial exponents such that Z is the union of strata. Then there X has an uniform Chevalley estimate to Z.
The proof of Theorem 4.2 is the consequence of the two propositions below, which are quasianalytic analogues of Proposition 8.14 and proposition 8.15 from [5] . Let X be a closed definable subset of R n .
The proof of Proposition 4.3 can be easily reduced to the following 
The proof of Proposition 4.4 is based on the analysis of jets and the systems of linear equations which coefficients are Q-analytic functions. The reason why it can be carried over from the analytic case is the fact that the analysis mentioned above are reduced to the properties of the ring of formal power series and several good properties which Q-analytic functions share with analytic functions, for instance the property of identity. Therefore we could just repeat the proof by E. Bierstone and P. Milman.
Proof of implication (2) ⇒ (4).
In this chapter we shall prove that the uniform Chevalley estimate implies the Zariski semi-continuity of the diagram of initial exponents. Let Z ⊂ X be closed definable sets in R n such that X has the uniform Chevalley estimate relatively to Z. Let ϕ : M → R n be a proper Q-analytic mapping from a Q-analytic manifold M such that ϕ(M ) = X. By Theorem 4.1, for any compact K, the set of diagrams of initial exponents is finite on K ∩ X. Therefore, to prove Zariski semi-continuity it is sufficient to prove that the set
is a closed definable set. By Corollary 4.2, Z N is definable, thus it remains to prove that Z N is closed.
In the paper [5] the authors proved that in the classical analytic case Z N is a closed subanalytic set. They used faithful flatness of the ring of formal power series over the ring of germs of analytic functions to deduce an existance of convergent solution to system of linear equations with analytic coefficients under assumtion that there is a formal solution. In our reasoning we are forced to provide a different method, since it is not known if the ring R[[y −b]] of formal power series is faithfully flat over the ring Q b of germs of Q-analytic functions at b. This is an open problem related to the problem of noetherianity of Q b , which has been widely studied for the past several decades, but remains unsolved.
Our proof relies on a reduction to the analysis only of definable arcs, and on Proposition 5.1, which is a special case of Proposition 8.3 from [5] for closed definable arcs.
In order to prove Proposition 5.1, we introduce a concept of an essential point a ∈ M q ϕ which determines the diagram N b with ϕ(a) = b (Definition 5.2). We show that the set of essential points is definable. Then we apply curve selection to find a definable arcL lying over L and contained in the set of essential points. Next, by Puiseux's theorem, we are able to reduce the proof to the analysis of jets parameterized by Q-analytic functions of one variable. Since the local rings of quasianalytic functions of one variable are noetherian, we can find a quasianalytic solution to a system of linear equations, which describes when a multi-index α belongs to the diagram of initial exponents (Proposition 5.1).
Definition 5.1. Let M be a Q-analytic manifold. We say that l : [0, ǫ] → M is a definable arc if l is a continuous, definable and injective function.
Remark 5.1. It follows from the cell decomposition that a closed definable subset of pure dimension 1 is a finite sum of images of definable arcs. By abuse of terminology, by a definable arc we often mean both the arc and its image L = l([0, ǫ]). In order to prove Proposition 5.1, we need a quasianalytic version of Puiseux's theorem stated below. It is a special case of the quasianalytic version of Puiseux's theorem with parameter due to K.J. Nowak([28] ).
Let us notice that subanalytic arcs are analytic curves and their local analytic rings are noetherian. Yet the former is no longer true in quasianalytic structures, as shown by K.J. Nowak in the example constructed in paper [30] . The latter seems to be doubtful as well, being related to the failure of the following splitting problem posed by K.J. Nowak in papers [19] and [22] :
Let f be a Q-analytic function at 0 ∈ R k with Taylor series f . Split the set N k of exponents into two disjoint subsets A and B, N k = A ∪ B, and decompose the formal series f into the sum of two formal series G and H, supported by A and B, respectively. Do there exist two Q-functions g and h at 0 ∈ R k with Taylor series G and H, respectively?
In some special cases of splitting the Taylor exponents, a negative answer was given by H. Sfouli [33] .
Although definable arc not need to be Q-analytic curve, it can be parameterized by a Q-analytic function. It is a consequence of the following Our goal is the following Theorem 5.2 The set Z N is a closed definable set.
Proof. We can assume that X is compact. By Theorem 4.1 the set of the diagrams on X \ Z is finite. By Corollary 4.3, Z N is a definable set. Thus it remains to prove that Z N is closed. Let W be a stratification of X such that Z N is a sum of strata and the diagram of initial exponents is constant on each stratum. Let W ∈ W. It is enough to show, that
where N W is the diagram of initial exponents of the ideal F y (X) for all y ∈ W , and
By the curve selection lemma ( [11] ,Chap. 6, Corollary 1.5) there exists a continuous definable, injective function f : (0, ǫ) → W such that lim x→0 f (x) = b. It is then enough to prove ( * ) for the definable arcs with the end at W ′ . Theorem 5.2 will be proved once we establish the following
Indeed, let us assume, that for some definable arc L with end b ∈ W ′ we have N b < N W . Let β 1 , . . . , β s be the vertices of N b , and let γ 1 , . . . , γ r be the vertices of N W . Clearly N b < N W if and only if r < s and, for i ≤ r, β i = γ i , or there exists j ≤ min{s, r} such that β j < γ j and β i = γ i for i < j. Therefore, there exists α ∈ N b such that 
\ Σ is an empty set and thus open. Whence we can assume that α / ∈ N and, since we only will consider multi-indices smaller then or equal to α, we can assume that In order to prove Proposition 5.1, we introduce the concept of essential point. 
By the monotonicity theorem ( [11] ,Chap. 3, Theorem 1.2) and the fact that
. By Puiseux's theorem, there exists a Q-analytic parametrization
,a , and further the homomorphism
ϕ ,a and we can write ξ a = ( η a , ζ a ) according to the direct decomposition
Therefore the α th component of η a is 1 (since (A(a), B(a)) .
It is an immediate consequence of the following formula
for all a i such that a = (a 1 , . . . , a q ).
Hence ξ a is a solution to the system of linear equations with Q-analytic coefficients at a ∈ M q ϕ that corresponds to the matrix Φ a :
We shall consider the numerical system of linear equations obtained form (⋆) by evaluating its coefficients at point a ′ of arcL near a. Our goal is to find solutions ξ(a ′ ), a ′ ∈L, whose α-th component ξ α (a ′ ) = 0. To this end, consider the pull-back of system (⋆) by mean of the parametrization ε(t) of the arcL:
The coefficients of the system of linear equations obtained belong to the quasianalytic local ring (Q 1 , m), which is a discrete valuation ring, and therefore a noetherian ring. Hence and by Lemma 2.6, there exists a solution ξ ∈
Therefore, since ξ α (0) = 1, we get ξ α (0) = 1 and ξ α (t) = 0 for t close to 0. In this manner, we achived numerical solutions ξ(ε(t)) := ξ(t) of the system (⋆) at points a ′ = ε(t) lying on the arcL near a. At this stage, we are going to complete the proof.
Take a polynomial f on R n such that
Hence, by the uniform Chevalley estimate 6 The Hilbert-Samuel function.
Here we provide a proof of the implication (3) ⇒ (5), which is based on ideas similar to those from our proof of the implication (2) ⇒ (4). Let us emphasize that Bierstone-Milman's proof from [5] does not work in the quasianalytic settings, since they use the fact that subanalytic arcs are analytic curves and their local analytic rings are noetherian. As we mentioned in the previous section, it is not true in the quasianalytic settings.
Let Z ⊂ X be closed definable subsets of R n . For b ∈ X, N b is the diagram of initial exponents of the ideal R b = F b (X), and H b denote the Hilbert-Samuel function of Q b /R b :
The set of Hilbert-Samuel functions is equiped with the standard partial ordering, i.e. for two such functions H and H', H ≤ H ′ if H(k) ≤ H ′ (k) for all k ∈ N . With respect to the ordering above, we have the following Theorem 6.1 Assume that X admits a definable stratification such that Z is the sum of strata an the diagram N b is constant on each stratum disjoint with Z. Then H b is Zariski-semicontinuous relatively to Z.
Proof. As in the proof of Theorem 4.2, we can assume that X is compact. Let b ∈ X and let N b be the diagram of initial exponents of F b (X). By Corollary 3.2, H b (k) = ♯{γ ∈ N n \ N b : |γ| ≤ k}. It follows from the stratification by the diagram of initial exponents that the function b → H b is constant on each stratum. Let W be a stratum disjoint with Z such that the diagram of initial exponents is constant on W and let H W be the Hilbert-Samuel function on W . It is sufficient to prove that for each definable arc L, whose interior is contained in W and the end b of L belongs to (W \ W ), H b (k) ≥ H W (k) for each k ∈ N.
Let q be the maximal number of connected components of ϕ Similarly to the proof of Proposition 4.1, we consider the pull-back of the system (⋆) by mean of parametrization ε(t), and thus we obtain the system of linear equations with coefficients from Q 1 : 
Final remarks
In this article we proved three implications which consist of proof of Theorem 1. The remaining implications can be proven verbatim in the same way as in [5] for analytic case. The reason why the remaining parts of proofs can be repeated in the same way as in subanalytic case is that they rely on properties of analytic functions which are also avaliable for quasianalytic functions.
It is worth to point out that the class of sets definable in quasianalytic class is broader than class of subanalytic sets. By the results from [9] , in any quasianalytic class which is not analytic but contains analytic functions, there exists a function which is nowhere analytic. Thus there are closed definable sets which are not subanlytic (in classical analytic meaning). The proof of existance of nowhere analytic functions can be found in [9] , however this proof is not constructive and uses Baire theorem. On the other hand, in [14] , the author provides a constructive examples of quasianalytic functions which are nowhere analytic( or more generally, which are in some class but nowhere in some lower class).
An interesting problem is to specify some class of closed definable sets which are formally semicoherent (or poses any of the equivalent properties considered in this paper). It is not known so far if even closed quasianalytic sets are formally semicoherent.
